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Letter to the Editors 

Use of Richardson Extrapolation for the 
Numerical Calculation of Fourier Transforms 

In the paper by Abramovici [l] a “trapezoidal Fast Fourier Transform” is 
introduced by removing the linear trend. In the final section of [l] the Richardson 
extrapolation method was used to improve the accuracy obtained by the “trape- 
zoidal FFT”, this scheme was called the Romberg procedure. The use of the linear 
trend has been discussed by Ng [2] and Abramovici [3]. These papers also included 
the corrections to the Filon values of [l]. 

In the works by Abramovici, [I, 31, one gets the impression that both the use of 
the FFT to speed up the calculation of the sum Cf(tj) exp(-iwtj) and the use of 
Richardson extrapolation to improve the accuracy are restricted to the “trape- 
zoidal FFT”. However, using the Euler-Maclaurin summation formula it is easy 
to show for sufficiently smooth functions that the error expansion of the Filon 
formula contains only even powers of h, starting with the fourth. This behavior is 
most useful if 1 wh 1 < 57/2, where w is the angular frequency in the Fourier trans- 
form 

s ab f(t) e-iwt. 

In the proof we start with the Euler-Maclaurin summation formula 

g(t) dt 

+ g W@) - g’(41 - g {g”(b) - g’“(a)> + **-, 

where h = (b - a)/JV and gi = g(a + jh). 
We use g(t) = f(t) * cos wt in this summation formula to obtain expressions for 

the two sums 

cos cfJt,j and 
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in the Filon cosine formula. Substituting these expressions, which only contain the 
requested integral and endpoint corrections, into the Filon formula and also 
utilizing series expansions of the Filon parameters in the stepsize h completes the 
proof for the cosine integral. The same procedure is performed for the sine integral. 

Because of the simple nature of the power series expansion of the error term, it is 
therefore possible to use Richardson extrapolation also for the Filon method. The 
sums may be calculated with the Fast Fourier Transform technique, provided that 
the interval and frequency correspond in the right manner. 

For a method using cubic splines [4] instead of the quadratic in Filon’s formula, 
the extrapolation above has been proved in [5] and used in [6]. The calculations of 
Abramovici [l] have been repeated here with both the Filon and spline methods, 
including the use of Richardson extrapolation. These calculations, performed on an 
IBM 360/75 in double precision, show that the spline method is superiour to the 
other methods, provided that the required first- and second-order derivatives at the 
end points are available. The used routines are simple revisions of the Filon 
algorithm by Chase and Fosdick [7] and the spline algorithm [6] by the present 
author. 

1. Calculations without extrapolation. In Table I the results with the two 

TABLE I 

Values of G,(w) = Zn f(t) sin wt dt for f-(t) = t cos coot, wg = lo 

No. of Additional 
integration number of 

w points Filon Spline correct digits 

1 65 -1.5708 -1.57080 1 
257 -1.570796 -1.57079633 2 

1025 - 1.570796327 - 1.5707963268 1 
2049 - 1.5707963268 - 1.5707963268 0 

30 65 -2.097 x 10-l -2.09672 x lo-’ 2 
257 -2.0967248 x 10-l - 2.09672480 x 10-l 1 

1025 -2.0967247966 x 10-l -2.09672479661 x IO-’ 1 
2049 -2.09672479661 x 10-l -2.09672479661 x 10-l 0 

loo 257 -6.283814 x 10-a -6.2838137 x 10-p 1 
1025 -6.28381369 x 10-S -6.2838136885 x lo-* 2 
2049 -6.283813689 x lo-’ -6.283813688548 x lo-’ 3 

500 1025 - 1.2566421 x 10-a -1.256642088 x 10-a 2 
2049 -1.25664208800 x IO-’ -1.256642088004 x 10-2 1 

0 Accurate to all digits shown. 
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methods without extrapolation are given. The entries are the correctly rounded 
values with so many digits that agree with the corresponding exact value. The 
table is to be compared with [l, Table I] of Abramovici. We see that the spline 
method is about one digit more accurate than the correct Filon formula [2, Table I] 
and much more accurate than the other methods. 

2. Calculations with Richardson extrapolation. In Tables II and III the results 
with the two methods with use of Richardson extrapolation (Romberg procedure) 
are given. Because of the extrapolation, all entries are given with 12 digits, with 
those in error in italic. These tables are to be compared with [l, Table IV] of 
Abramovici, where the Romberg procedure is used on the “trapezoidal FFT.” We 
see, that although the original values from the spline method are more accurate than 
those of the trapezoidal FFT, the difference in accuracy is smaller in the extra- 
polated values. 

It is important to note that the initial subdivision of the interval [0,277] into 256 
subintervals gives 0 = wh = w * (2~/256), which is less than 7r/2 up until w = 64, 
while the largest value of w is 100. The special feature of the Filon and 
spline methods, consisting of dividing the integrand into one polynomial part and 
one trigonometric part, is not so essential when many subdivisions of the basic 
interval of length oh = 7r/2 have been done. The best performance with these 
methods is when the basic interval is used, and the polynomial part is nonoscilla- 
tory. 

Other methods. Silliman [S] has discussed higher-order spline methods for the 
evaluation of Fourier transforms, showing that the quintic approximation gives a 
considerably better result than the cubic approximation. Other approaches to the 
use of spline approximation have been given by Ostrander [9], and Gaissmaier [IO]. 

If the function to be transformed is available at all points and not only at an 
equidistant partition of the interval, the Gaussian method of Piessens et al. [ll, 121, 
seems to be the most efficient one. 

Professor R. Piessens has kindly pointed out to me the report by Jacobs [ 131 on 
Richardson extrapolation for the Filon-trapezoidal rule of Tuck [14]. This report 
contains both a strict mathematical theory and an Algol procedure for a modified 
extrapolation method, with improved convergence compared with the usual 
Richardson extrapolation method. 
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